It is by now well established that, in the absence of noise, quantum properties of the probes help to increase the precision in the estimation of parameters that characterize dynamical processes, like phase shifts in optical interferometry or transition frequencies in atomic spectroscopy [1] [2] [3] [4] . The estimation error decreases with the amount of resources employed in the measurement, which might be for instance the energy of a probing light field or the number N of identical probes. For independent probes, it is proportional to 1/ √ N , a consequence of the central-limit theorem. By entangling the probes one may attain, for noiseless processes, the ultimate lower bound for the estimation error, which scales then with 1/N [3, 4] , the so-called Heisenberg limit, thus allowing better accuracy for the same number of resources. For noisy processes, however, it is not known in general if this limit can be attained, and if entanglement can still be a helpful resource for this purpose. For lossy optical interferometry, it was shown recently [5, 6] that the Heisenberg limit is not attainable when N → ∞. General expressions for the uncertainty in the estimation are known, but their calculation involves complex optimization procedures, which become quite cumbersome when the number of resources increases. Here we show that the effectiveness of quantum states for parameter estimation in the presence of noise can be precisely assessed. We introduce a bound for this uncertainty, proven to be attainable, which leads to useful expressions for the ultimate limit of precision in noisy systems. We exemplify the utility of this bound by applying it to lossy optical interferometry and atomic spectroscopy in the presence of dephasing.
Parameter estimation and the Cramér-Rao bound
A general protocol to estimate an unknown parameter x corresponding to a quantum process is shown in Fig. 1a ). This parameter is estimated from the knowledge of the initial and final states of a probe that undergoes the process under investigation. The protocol may be divided in three stages. First, the probe is prepared in an initial state (first box on the left-hand side of the figure), and evolves under the action of the quan- * Electronic address: bmescher@if.ufrj.br FIG. 1: Setups for quantum parameter estimation. a) General algorithm to estimate an unknown parameter x of an arbitrary dynamical process. The probe, prepared in a known initial state, is sent through a physical channel. A measurement is performed on the final state, from which the parameter x is estimated. b) Setup for estimating a phase shift θ in an optical interferometer. tum process, corresponding to the second box in Fig. 1a) . In general, after this step, the probe will be in a mixed state (third box). The second stage concerns the choice of a suitable measurement, applied to the probe after its evolution (fourth box), so as to extract information about the parameter to be estimated. The third and last step consists in associating, through some rule (estimator), each experimental result with an estimation of the parameter. A concrete example is shown in Fig. 1b) , which refers to phase shift estimation in optical interferometry.
Typically, one has some prior knowledge about the parameter. This is sometimes called in the literature "local estimation", as opposed to the situation when there is complete ignorance about the parameter to be estimated, which is known as "global estimation." In local estimation, a merit quantifier that allows the comparison of different strategies and performances is the error estimate [7, 8] 
where the average is taken over all possible experimental results, x real is the real value of the unknown parameter x and x est is the estimated value of x, obtained from the measurement results through the use of an estimator. When the initial state, the physical system, and the measurement procedure, involving ν repetitions of the experiment, are fixed, the error δx is limited by the Cramér -Rao inequality [9] δx ≥ 1/ νF (x real ) (valid for unbiased estimators, that is, estimators for which x est = x real ). Here F (x) is the Fisher Information, given by
where p j (x) is the probability of getting the experimental result j. This relation is valid for both classical and quantum physics.
In quantum mechanics, p j (x) = Tr ρ(x)Ê j , where the operatorsÊ j correspond to a specific measurement setup, associated to the results j, andρ(x) is the density matrix of the probe after its interaction with the system under investigation. The Hermitian operatorsÊ j are positive operator-valued measures (POVM's) [10] , satisfying the relation jÊ j = 1 1. In general, the evolution of a density matrixρ under the action of a quantum channel may be expressed in terms of Kraus opera-
, whereρ 0 is the initial value ofρ and ℓΠ † ℓ (x)Π ℓ (x) = 1 1. The maximization of (1) over all possible measurement strategies yields the so-called Quantum Fisher Information F Q [7, 8, 12, 13] and the quantum generalization of the Cramér-Rao inequality,
For a closed system, evolving under a unitary transformationÛ (x) and prepared in a pure initial stateρ 0 = |ψ ψ|, F Q can be expressed as [14] 
where
However for more general situations where the initial state is a mixture and/or the evolution is not governed by a unitary transformation, a closed expression for F Q as a function of Kraus operators is unknown and finding it remains an open problem. Although analytic expressions for F Q have been found for some specific classes of initial states and non-unitary processes (see, for instance refs. [15] [16] [17] ), in most cases only an upper bound to F Q can be obtained. For example, when the initial state of the probe is mixed but the quantum channel is unitary, an upper bound based on the convexity of F Q can always be established. More recently an upper bound to F Q , applicable to general quantum channels, was derived in terms of Kraus operators and was shown to be attainable for a special class of processes ("quasi-classical" processes) [18] .
Bounds for error estimation in noisy systems
We introduce here an universal upper bound to F Q , expressed in terms of the initial state of the probe and any Kraus representation of the quantum channel. This bound is valid for both unitary and non-unitary processes, and it is always possible to choose a Kraus representation such that it coincides with the quantum Fisher information. We show that this bound leads to useful analytical approximations for the precision of parameter estimation.
Let S be the probe used to estimate a parameter of a general dynamical process. Our strategy consists in introducing additional degrees of freedom, which play the role of an environment E for the system S, so that a general dynamical evolution concerning S is transformed into a unitary evolution for S + E. The problem is thus reduced to parameter estimation for a unitary evolution. A given general dynamical evolution of a system S may be related to an infinitude of unitary evolutions of an enlarged system consisting of S plus some "environment" E. Fixing the unitary evolution and the "environment" E is equivalent to singling a specific representation of Kraus operators out from the unlimited number of such representations that describe the same dynamical evolution of S alone.
The detailed calculation of this upper bound can be found in the Supplementary Material. An outline of the derivation is presented in the Methods section. Given an initial pure statê ρ 0 = |ψ ψ| of a system S and an arbitrary process, which changes the state toρ(
the symbol meaning (4)- (6) show that the upper bound C Q can be explicitly evaluated in terms of the Kraus operators describing the quantum channel and the initial state of the probe. When the process is unitary C Q reduces to the quantum Fisher information, as given by Eq. (3). This upper bound can also be applied to situations with ancillas, where the initial state of the probe is entangled with some external system. The bound is then easily calculated from the reduced density matrix of the probe. The attainability of this bound is demonstrated in the Methods section, implying that
where the minimization runs over all Kraus representations {Π ℓ (x)} of the quantum channel. Equation (7) leads to an interesting physical insight, within the framework of our method: there is always an environment E such that monitoring it together with the system S does not lead to more information about the parameter x than that obtained by monitoring just the system S itself. These considerations motivate a strategy for choosing convenient Kraus operators: the aim should be to reduce the non-redundant information about the parameter in the environment.
We apply now the bound (4) to some important problems in quantum metrology, and show that it leads to the elucidation of fundamental questions regarding limits of precision in parameter estimation.
Role of entanglement in quantum-enhanced metrology
In recent years, much effort has been made to establish the relevance of entanglement in quantum metrology [1-4, 16, 17, 19-25] . For unitary processes, it is now clear that entanglement does lead to enhancement of the precision in parameter estimation. However, an important question remains: does this gain persist in the presence of decoherence?
A typical paradigm of quantum metrology involves N probes undergoing N independent and identical x-dependent processes, and being submitted to a measurement afterwards, with the aim of estimating the parameter x. If the initial state of the probes is not entangled and each probe is measured independently of the others, then the error scales at most as
. It was shown in [4] that, for unitary processes and in the absence of feedback, initial entanglement is a necessary ingredient to improve the error scale to the ultimate quantum limit δx ∼ 1/N . Moreover, it was also shown that, for unitary processes of the typeÛ (x) = exp ixĤ , it is always possible to find an initial entangled state of the probes that leads to δx ∼ 1/N .
We consider now the effect of noise on these results. When the N probes are submitted to N independent processes, which depend on the parameter x, a set of Kraus operators that describes the evolution of the probes iŝ
ℓm (x) is a Kraus operator corresponding to the m-th process. From (4), it is then straightforward to show that C Q can be decomposed into two parts (see Supplementary Material)
where the operatorsĤ
1,2 correspond to the definitions (5) and (6) for the m-th process. The first term in Eq. (9) is of o(N ), while the second is of o(N 2 ), as they involve the sum of N and N (N − 1)/2 terms respectively.
Since C Q ≥ F Q , this result has two immediate implications: (i) a necessary condition for δx ∼ 1/N is that the second line of (9) is different from zero, which establishes the kind of correlation needed in the initial state of the N probes in order that the Heisenberg limit is attained -this condition is also sufficient if there is a Kraus representation in the form (8) that minimizes C Q ; (ii) if a quantum channel has some Kraus representation for whichĤ = 0 implies δx ∼ 1/ √ N was derived for the more restrict situation of finite-dimensional spaces in [26] , which also showed that the conditionĤ (m) 2 = 0 holds for almost all finite-dimensional quantum channels, the "full-rank" channels. Moreover, (ii) remains valid when feedback is included, as demonstrated in the Supplementary Material. Therefore, for this class of channels, the limit δx ∼ 1/N cannot be achieved, in the presence of decoherence, even with the use of entanglement and/or feedback control. Precision limits for lossy optical interferometry Optical interferometry with standard light sources leads to an uncertainty in the determination of the phase that scales with the inverse of the square root of the mean number of photons, the so-called shot-noise or standard quantum limit [27, 28] . On the other hand, it has been shown that squeezed [27, 28] or entangled states [2, 3] may lead, in the absence of losses, to a scaling of this uncertainty with the inverse of the mean number of photons. This is the ultimate limit imposed by quantum mechanics [4, 29] .
In the presence of losses, general results concerning the limit of precision are still unknown. Special entangled quantum states have been proposed for optical metrology in order to mitigate the deleterious effect of noise on the precision of phase estimation [23] . Numerical limits for the minimum uncertainty in the measurement of the phase shift, when either one or both arms of an interferometer are subject to photon losses, were found in [16, 17] for input states with fixed photon numbers. These studies show that, for states with total number of photons up to N = 80, the best possible scaling of the uncertainty is intermediate between the standard and the Heisenberg limit. Experimental confirmation with twophoton entangled states was presented in [25] , while bounds found in [5] for global estimation and in [6] for local estimation lead to a 1/ √ N scaling. This raises an important question concerning the behavior of the precision as a function of N .Here we answer this question in a general way, by finding an analytical lower bound for the phase uncertainty.
We consider for definiteness a two-arm interferometer with a dispersive object placed in the upper arm (see Fig. 1-b ). An incoming photon is described by a two-mode state, each mode corresponding to one of the arms of the interferometer. In the absence of losses the initial two-mode state in the interferometer evolves into |ψ(θ) =Û (θ)|ψ 0 = exp(inθ)|ψ 0 , wheren is the photon number operator corresponding to the dispersive-arm mode and θ is the phase shift parameter to be estimated. Therefore, from (3), tons in the upper and lower arms, respectively. For this state, ∆n 2 NOON = N 2 /4, which yields the Heisenberg limit δθ ≥ 1/( √ νN ). We consider here interferometers with losses only in the dispersive arm -see Fig. 1b ). Generalization to losses in both arms is presented in the Supplementary Material. As shown in the Methods section, proper choice of Kraus operators, inspired by physical considerations, leads to
where η quantifies the photon losses (from η = 1, lossless case, to η = 0, complete absorption) and n 0 is the initial average number of photons in the dispersive arm.
The above equation has a high degree of generality: it was derived under no assumption whatsoever about the initial state, which might therefore have a definite, limited or unlimited number of photons. Furthermore, it displays the limit of precision as a continuous function of losses as well as the variance and the average photon number of the field in the dispersive arm, for the entire range of values of these quantities. When ∆n 2 0 / n 0 << η/(1 − η), this expression approaches the lossless case (10),while when ∆n 2 0 / n 0 >> η/(1 − η) Eq. (11) yields the more restricted result
Equations (11) and (12) imply, quite generally, that photon losses in interferometers gradually blur the gain yielded by the special quantum states for phase estimation; even with the best strategy, asymptotically the improvement with respect to standard light sources is not by a scale change but only by a limited constant factor, as shown in (12) . This last expression coincides with the bounds obtained in [5, 6] for states with definite photon number. For states with well-defined number N of photons, extensively discussed in quantum metrology, Eq. (11) leads to an upper bound for the quantum Fisher information maximized over all initial states, which depends only on η and on N . In this case, one gets then (see Supplementary Material)
The behavior of the corresponding lower bound for the phase uncertainty δθ, as a function of N , is shown in Fig. 3 , where the phase estimation error is normalized by the shot-noise limit, expressed in terms of the total number of photons in both arms [16, 17] :
. This result clearly exhibits the change from the Heisenberg scale to a 1/ √ N scale. For N >> η/(1 − η), one gets a 1/ √ N scaling, corresponding to Eq. (12), with the average number of photons replaced by N , while for N << η/(1 − η), the Heisenberg dependence, proportional to 1/N , is obtained.
One may wonder how tight is the bound (13) . The comparison of this bound with F Q for the numerically determined optimal states is shown in Fig. 3 , for all η and for different values of N up to N = 100. This yields, for this range of N , 1/ νC Q ≤ δθ ≤ 1.25/ νC Q , thus showing that, for these states,C Q provides a very good qualitative and quantitative approximation to the ultimate quantum limit. As N increases, the fundamental limit of the phase uncertainty given by the quantum Fisher information becomes at most 1.25 larger than the one given by our bound.
Precision limits for atomic spectroscopy under dephasing
We consider now the estimation of transition frequencies in atomic spectroscopy, in the presence of Markovian dephasing, which is a common source of decoherence for atoms, and the most important one in trapped-ions experiments. The aim is to estimate the transition frequency ω 0 , by preparing the atoms in a known initial state, letting them evolve freely, and then measuring the final atomic state. The resources here, which affect the error in the estimation, are the number N of atoms and the total time T = tν, where t is the evolution time for each atom and ν is the number of experimental repetitions. In the absence of decoherence, the error scales as ∼ 1/ √ N if the initial state of the N atoms is separable. On the other hand, an initial maximally entangled GHZ atomic state may improve the scaling to ∼ 1/N [1] . The situation changes when dephasing is present. In [19] , it was shown that, in this case, a separable state or a GHZ state of the atoms lead to the same error δω 0 = 2γe/(N T ), where γ is the dephasing rate. It was also shown that a generalized Ramsey spectroscopy, involving a joint measurement of all the atoms, may lead, for an optimal non-maximally entangled state, to an error limited by δω 0 ≥ 2γ/(N T ), a better bound then before, but still proportional to 1/ √ N . In this regard, two questions were raised in Ref. [19] : whether this bound is saturated asymptotically by the proposed measurement strategy; and whether it coincides with the one obtained from the quantum Fisher information. Ref. [30] has shown that, for properly chosen initial states, this bound is actually saturated asymptotically, for the proposed measurement scheme. Here we show that the remaining question can be tackled by our method. Indeed, we show that the above bound coincides asymptotically with the one given by the quantum Fisher information optimized over all initial atomic states.
We show in the Supplementary Material that it is possible to choose a physically-motivated set of Kraus operators such that our bound, optimized over all initial states, leads to
which coincides with the bound derived in Ref. [19] . Since Ref. [30] showed that this bound is attained asymptotically for the above generalized Ramsey measurement and a specific class of initial states, it follows that necessarily lim N →∞ νF max Q /N ≥ T /2γ. In view of inequality (14), one concludes that lim N →∞ νF max Q /N = T /2γ. This generalizes the previous results, showing that, no matter the initial state and the measurement scheme, the maximum improvement obtainable in the presence of dephasing is by a factor √ e, which does not change the scaling of the error with N . Therefore, also in this case decoherence does not allow attaining the quantum scale, no matter how small the dephasing rate is, as long as N is sufficiently large. It can be shown that this conclusion remains valid in the presence of feedback.
Summary and perspectives
We presented here a lower bound for the error in singleparameter estimation, within the framework of quantum metrology, valid for both unitary and non-unitary processes, which is always attainable. The calculation of the best state leading to the ultimate quantum limit in the presence of noise is a difficult task, requiring numerical analysis that becomes more and more cumbersome as the number of resources increases. The upper bound (4), on the other hand, circumvents this difficulty, leading to useful relations that do not depend on the initial state, and that do not require optimizations over all possible Kraus representations. Indeed, convenient classes of Kraus operators may be chosen inspired by physical considerations regarding the process under investigation. The power of this method was exemplified within the framework of two important problems in quantum metrology, the estimation of phase in optical interferometry and of transition frequencies in atomic spectroscopy. In optical interferometry, it captures the main features of the transition from the Heisenberg limit to the asymptotic shot-noise-like behavior. Furthermore, it imposes a severe restriction on the asymptotic behavior of the estimation error: even for weak noise, the improvement on the shot-noise limit is at most by a constant factor, which does not change the 1/ √ N behavior. Due to the omnipresence of non-unitary dynamics and the problem of parameter estimation in several fields of science, we envisage that this approach might find useful applications to other kinds of systems, involving for instance stochastic processes [31] and dynamical evolutions that depend nonlinearly on the number of resources.
Methods Outline of the derivation of the upper bound to the quantum Fisher information
Given an initial pure stateρ 0 = |ψ ψ| of a system S and an arbitrary process, which changes the state toρ(x) ≡ ℓΠ ℓ (x)ρ 0Π † ℓ (x), we expand the Hilbert space, introducing an environment E so that the total state in S + E undergoes a unitary evolution, described by
Here |0 E is the initial state of the environment. The states |ℓ E form an orthogonal basis in E, which is independent of the parameter x to be estimated and the Kraus operatorsΠ ℓ (x) act on S.
The upper bound for the quantum Fisher information is obtained from the inequality
where F is the Fisher information defined in Eq. (1). This inequality results from the fact that, for F Q , the maximization is made for all POVMs contained in the S space, while for C Q the maximization is for all POVMs in S + E. Therefore, C Q is an upper bound for F Q . The right-hand side of (16) can be explicitly evaluated, since one is dealing in this case with a unitary evolution. It is then straightforward to obtain (4).
Saturation of the upper bound to the quantum Fisher information
We show now that it is always possible to choose a set of Kraus operators such that the inequality in Eq. (16) is transformed into an equality. The proof is based on Uhlmann's theorem [32] and on the relation between Bures' fidelity
and the quantum Fisher in-formation [12] . Uhlmann's theorem implies that [10] 
where |Φ(x real ) is an arbitrary purification ofρ(x real ) in S + E and the maximization runs over all purifications |Ψ(x) of ρ(x), also in S + E. On the other hand, Ref. [12] shows that, up to second order in δx = x − x real ,
Expanding the right-hand side of (17) up to second order in δx, and comparing the resulting expression with the righthand side of (18) 
whereâ is the annihilation operator corresponding to the dispersive-arm mode, and η quantifies the photon losses (from η = 1, lossless case, to η = 0, complete absorption). The parameter α defines a family of Kraus operators and it is used to minimize the value of C Q . This choice of Kraus operators is inspired by physical considerations. For α = 0 (α = −1) the process can be interpreted as a probabilistic photon absorption event, simulated by a beam splitter with transmissivity η and after (before) it a phase shift θ. If the beam splitter is placed after the dispersive element, then monitoring the environment leads to full recovery of the information, yielding therefore a non-reliable bound, which coincides with the one for the lossless case, while only partial information is obtained if the beam splitter is placed before the dispersive element (since in this case the deflected photons do not carry phase information). This last situation corresponds to the experimental setup used in [25] . It may lead to a bound better than the one corresponding to the first choice, although not as good as the one obtained by optimizing over all values of α. The Kraus operators given by Eq. (19) lead to (see Supplementary Material)
H 2 (θ; α) = [1 − (1 − η) (1 + α)]n .
We get then, for all real values of α,
where n 0 is the initial average number of photons in the dispersive arm, and ∆n 2 0 is the corresponding variance.
When α = −1, one gets the trivial result F Q ≤ 4 ∆n 2 0 , while for α = 0, F Q ≤ 4η η ∆n 2 0 + (1 − η) n 0 . The factor η before the brackets in this last expression comes from the energy loss, a classical effect. This expression implies that, only super-poissonian states ( ∆n 2 0 > n 0 ) may lead to an improvement of the phase estimation over the standard quantum limit, which corresponds to F Q = 4η n 0 .
For each value of ∆n 2 0 and n 0 , the minimization of C Q with respect to α yields (11) -see Supplementary Material.
One should note that there is a choice of Kraus operators for whichĤ 2 = 0 in (20) , and at the same time the term proportional ton 2 inĤ 1 vanishes: the one that corresponds to taking in (20) 1 + α = 1/(1 − η). This implies, according to the discussion in the Supplementary Material, that, even in the presence of feedback [33] [34] [35] , the scaling in the phase uncertainty cannot be better than the standard quantum limit. Even though Refs. [33] [34] [35] deal with global estimation, our method still applies, since (2) is a lower bound for the uncertainty in global estimations, which is given by the Holevo variance [8] .
